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GROUP OF UNITS OF FINITE GROUP ALGEBRAS OF
GROUPS OF ORDER 24
MEENA SAHAI AND SHEERE FARHAT ANSARI
Abstract. Let F be a finite field of characteristic p. The structures
of the unit groups of group algebras over F of the three groups D24, S4
and SL(2,Z3) of order 24 are completely described in [3, 4, 5, 7, 8]. In
this paper, we give the unit groups of the group algebras over F of the
remaining groups of order 24, namely, C24, C12×C2, C
3
2 ×C3, C3⋊C8,
C3 ⋊Q8, D6 × C4, C6 ⋊ C4, C3 ⋊D8, C3 ×D8, C3 ×Q8, A4 × C2 and
D12 × C2.
1. Introduction
Let FG be the group algebra of a group G over a finite field F and let
U(FG) be the group of units in FG. In this paper, we study U(FG), where
G is a group of order 24 and F is a finite field of characteristic p containing
q = pk elements. We denote the Jacobson radical of FG by J(FG) and
V = 1 + J(FG).
Let Dn, Qn, and Cn be the dihedral group, the quaternion group and the
cyclic group of order n, respectively. The fifteen non-isomorphic groups of
order 24 are C24, C12×C2, C6×C
2
2 , C3⋊C8, SL(2,Z3), C3⋊Q8, S4, C4×D6,
D24, C6 ⋊ C4, C3 ⋊ D8, C3 × D8, C3 × Q8, C2 × A4 and D12 × C2. The
structures of U(FS4) and U(FSL(2,Z3)) are given in [3, 4], respectively.
Also, the structure of U(FD24) for p ≤ 3 is given in [4, 7] and for p > 3
in [8]. For p = 2, Maheshwari[4], obtained the structure of U(FG), where
G is a non-abelian group of order 24. For p = 3, Monaghan[7], studied the
structure of U(FG) where G is a non-abelian group of 24 such that G has a
normal subgroup of order 3. Here, we completely describe the structure of
U(FG) in the remaining cases.
Our notations are same as in [8, 10].
The number of simple components of FG/J(FG) is given in [1]. Let m,
η and T be as in [1]. We restate here that for a p-regular element g ∈ G, γg
is the sum of all the conjugates of g and the cyclotomic F -class of γg is
SF (γg) = {γgt | t ∈ T}.
Lemma 1.1. [1, Prop 1.2] The number of simple components of FG/J(FG)
is equal to the number of cyclotomic F -classes in G.
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Lemma 1.2. [1, Theorem 1.3] Suppose that Gal(F (η)/F ) is cyclic. Let w
be the number of cyclotomic F -classes in G. If K1, K2, · · · , Kw are the
simple components of Z(FG/J(FG)) and S1, S2, · · · , Sw are the cyclotomic
F - classes of G, then with a suitable re-ordering of indices, |Si| = [Ki : F ].
2. Main Results
Let l ∈ {3, 6, 12, 24}. If q ≡ ±5,±7,±11 mod l, then q2 ≡ 1 mod l. So
|T | = 2 and |SF (γg)| ≤ 2. Let r and s be the numbers of elements g ∈ G
such that |SF (γg)| = 1 and |SF (γg)| = 2, respectively. Then for p > 3, by
Lemmas 1.1 and 1.2
Z(FG) ∼= F r ⊕ F s2 .
As dimF (Z(FG)) = c = the number of conjugacy classes in G, so s =
(c− r)/2.
Theorem 2.1. Let F be a finite field of characteristic p with |F | = q = pk.
(i) If p = 2, then
U(FC24) ∼=
{
C6k4 × C
3k
8 × C
3
2k−1
, if q ≡ 1 mod 3;
C6k4 × C
3k
8 × C2k−1 × C22k−1, if q ≡ −1 mod 3.
(ii) If p = 3, then
U(FC24) ∼=

C16k3 × C
8
3k−1
, if q ≡ 1 mod 8;
C16k3 × C
2
3k−1
× C3
32k−1
, if q ≡ −1, 3 mod 8;
C16k3 × C
4
3k−1
× C2
32k−1
, if q ≡ −3 mod 8.
(iii) If p > 3, then
U(FC24) ∼=

C24
pk−1
, if q ≡ 1 mod 24;
C2
pk−1
× C11
p2k−1
, if q ≡ −1, 11 mod 24;
C4
pk−1
× C10
p2k−1
, if q ≡ 5 mod 24;
C6
pk−1
× C9
p2k−1
, if q ≡ −5, 7 mod 24;
C8
pk−1
× C8
p2k−1
, if q ≡ −7 mod 24;
C12
pk−1
× C6
p2k−1
, if q ≡ −11 mod 24.
Proof. Let C24 = 〈x〉.
(i) If p = 2, then |C24 : C8| 6= 0 in F . So J(FC24) = ω(C8) and
FC24/J(FC24) ∼= FC3. Thus
U(FC24) ∼= V × U(FC3).
Now, α =
∑23
i=0 aix
i ∈ ω(C8) if and only if
∑7
j=0 a3j+i = 0, i = 0,
1, 2. Also, α2 =
∑11
j=0
∑1
i=0 a
2
12i+jx
2j , α4 =
∑5
j=0
∑3
i=0 a
4
6i+jx
4j
and α8 =
∑2
j=0
∑7
i=0 a
8
3i+jx
8j = 0. Since dimF (J(FG)) = 21,
|V | = 221k. Let V ∼= C l12 × C
l2
4 × C
l3
8 , so that 2
21k = 2l1+2l2+3l3 . It
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is easy to see that
S ={α ∈ ω(C8) | α
2 = 0 and α = β4 for some β ∈ ω(C8)},
={
2∑
i=0
a4ix
4i(1 + x12) | a4i ∈ F}.
Thus |S| = 23k and l3 = 3k. Also
S1 ={α ∈ ω(C8) | α
2 = 0 and α = β2 for some β ∈ ω(C8)},
={
5∑
i=0
a2ix
2i(1 + x12) | a2i ∈ F}.
Hence |S1| = 2
6k and l2 = 6k, which leads to V ∼= C
6k
4 × C
3k
8 .
For U(FC3), see [9, Theorem 2.2].
(ii) If p = 3, then |C24 : C3| = 8 6= 0 in F , J(FC24) = ω(C3) and
FC24/J(FC24) ∼= FC8. Thus
U(FG) ∼= V × U(FC8).
Since dimFJ(FC24) = 16 and J(FC24)
3 = 0, V ∼= C16k3 . Hence
U(FC24) ∼= C
16k
3 × U(FC8).
The structure of U(FC8) is given in [9, Theorem 3.3].
(iii) If p > 3, then m = 24.
If q ≡ ±1 mod 24, then we have [9, Lemma 2.2].
If q ≡ 5 mod 24, then T = {1, 5} and |SF (γg)| = 1 for g = 1, x
±6
and x12. So r = 4, s = 10 and
FC24 ∼= F
4 ⊕ F 102 .
If q ≡ −5, 7 mod 24, then |SF (γg)| = 1 for g = 1, x
±4, x±8, x12.
So r = 6, s = 9 and
FC24 ∼= F
6 ⊕ F 92 .
If q ≡ −7 mod 24, then T = {1, 17} mod 24. Thus, |SF (γg)| = 1
for g = 1, x±3, x±6, x±9, x12. So r = s = 8 and
FC24 ∼= F
8 ⊕ F 82 .
If q ≡ 11 mod 24, then T = {1, 11} mod 24. Thus, |SF (γg)| = 1
for g = 1, x12. So r = 2, s = 11 and
FC24 ∼= F
2 ⊕ F 112 .
If q ≡ −11 mod 24, then T = {1, 13} mod 24. Thus, |SF (γg)| = 1
for g = 1, x±2, x±4, x±6, x±8, x±10, x12. So r = 12, s = 6 and
FC24 ∼= F
12 ⊕ F 62 .

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Theorem 2.2. Let F be a finite field of characteristic p with |F | = q = pk
and let G = C2 × C12.
(i) If p = 2, then
U(FG) ∼=
{
C9k2 × C
6k
4 × C
3
2k−1
, if q ≡ 1 mod 3;
C9k2 × C
6k
4 × C2k−1 × C22k−1, if q ≡ −1 mod 3.
(ii) If p = 3, then
U(FG) ∼=
{
C16k3 × C
8
3k−1
, if q ≡ 1 mod 4;
C16k3 × C
4
3k−1
× C2
32k−1
, if q ≡ −1 mod 4.
(iii) If p > 3, then
U(FG) ∼=

C24
pk−1
, if q ≡ 1 mod 12;
C4
pk−1
× C10
p2k−1
, if q ≡ −1 mod 12;
C8
pk−1
× C8
p2k−1
, if q ≡ 5 mod 12;
C12
pk−1
× C6
p2k−1
, if q ≡ −5 mod 12.
Proof. Let G = 〈x, y | x12 = y2 = (x, y) = 1〉.
(i) Let H = 〈x3〉×〈y〉. If p = 2, then |G : H| 6= 0 in F , J(FG) = ω(H)
and FG/J(FG) ∼= FC3. Thus
U(FG) ∼= V × U(FC3).
Now, let α =
∑11
j=0
∑11
i=0 a12j+ix
iyj . Then α ∈ ω(H) if and only
if
∑7
i=0 a3i+j = 0 for j = 0, 1, 2. Also, α
2 =
∑5
j=0
∑3
i=0 a
2
6i+jx
2j
and α4 =
∑2
j=0
∑7
i=0 a
4
3i+jx
4j = 0. Since dimF (J(FG)) = 21,
|V | = 221k. Let V ∼= C l12 × C
l2
4 , so that 2
21k = 2l1+2l2 . Clearly
S ={α ∈ ω(H) | α2 = 0 and α = β2 for some β ∈ ω(H)},
={
2∑
i=0
a2ix
2i(1 + x6) | a2i ∈ F}.
Thus |S| = 23k and l2 = 3k. So V ∼= C
15k
2 × C
3k
4 .
(ii) Let K = 〈x4〉. If p = 3, then |G : K| 6= 0 in F , J(FG) = ω(K) and
FG/J(FG) ∼= F (C2 × C4). Hence
U(FG) ∼= V × U(F (C2 × C4)).
Since dimFJ(FG) = 16 and J(FG)
3 = 0, V ∼= C16k3 .
The rest follows by [9, Theorem 3.4].
(iii) If p > 3, then m = 12.
If q ≡ 1 mod 12, then T = {1} mod 12. Thus |SF (γg)| = 1 for
all g ∈ G. Therefore by Lemmas 1.1 and 1.2,
FG ∼= F 24.
If q ≡ −1 mod 12, then T = {1, 11} mod 12. Thus, |SF (γg)| = 1
for g = 1, x6, y, x6y. So r = 4, s = 10 and
FG ∼= F 4 ⊕ F 102 .
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If q ≡ 5 mod 12, then T = {1, 5} mod 12. Thus, |SF (γg)| = 1 for
g = 1, x±3, x6, y, x±3y, x6y. So r = s = 8 and
FG ∼= F 8 ⊕ F 82 .
If q ≡ −5 mod 12, then T = {1, 7} mod 12. Thus, |SF (γg)| = 1
for g = 1, x±2, x±4, x6, y, x±2y, x±4y, x6y. So r = 12, s = 6 and
FG ∼= F 12 ⊕ F 62 .

Theorem 2.3. Let F be a finite field of characteristic p with |F | = q = pk
and let G = C32 × C3.
(i) If p = 2, then
U(FG) ∼=
{
C21k2 × C
3
2k−1
, if q ≡ 1 mod 3;
C21k2 × C2k−1 × C22k−1, if q ≡ −1 mod 3.
(ii) If p = 3, then
U(FG) ∼= C16k3 × C
8
3k−1
.
(iii) If p > 3, then
U(FG) ∼=
{
C24
pk−1
, if q ≡ 1 mod 6;
C8
pk−1
× C8
p2k−1
, if q ≡ −1 mod 6.
Proof. Let C32 × C3 = 〈x, y, z, w | x
3 = 1, y2 = z2 = w2 = 1, xy = yx, xz =
zx, xw = wx, yz = zy, yw = wy, zw = wz〉.
(i) Let H = 〈y〉 × 〈z〉 × 〈w〉. If p = 2, then |G : H| 6= 0 in F ,
J(FG) = ω(H) and FG/J(FG) ∼= FC3. Hence
U(FG) ∼= V × U(FC3).
Since dimFJ(FG) = 21 and α
2 = 0 for all α ∈ ω(H), V ∼= C21k2 .
(ii) Let K = 〈x〉. If p = 3, then |G : K| 6= 0 in F , J(FG) = ω(K) and
FG/J(FG) ∼= FC32 . Hence
U(FG) ∼= V × U(FC32 ).
Since dimFJ(FG) = 16 and J(FG)
3 = 0, V ∼= C16k3 .
U(FC32 ) is given in [9, Theorem 3.5].
(iii) If p > 3, then m = 6. If q ≡ 1 mod 6, then T = {1} mod 6. Thus
|SF (γg)| = 1 for all g ∈ G. Therefore by Lemmas 1.1 and 1.2,
FG ∼= F 24.
If q ≡ −1 mod 6, then T = {1, 5} mod 6. Thus, |SF (γg)| = 1 for
g = 1, y, z, w, yz, yw, zw, yzw. So r = s = 8 and
FG ∼= F 8 ⊕ F 82 .

Now, we discuss non-abelian groups of order 24. Since the case p = 2 is
dealt with in [4], we consider p ≥ 3 only.
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Table 1. Conjugacy classes in C2 ×A4
Representative Elements in the class Order of element
[1] {1} 1
[x] {x} 2
[y] {y, yz, yw, yzw} 3
[z] {z, w, zw} 2
[xy] {xy, xyz, xyw, xyzw} 6
[xz] {xz, xw, xzw} 2
[y−1] {y−1, y−1z, y−1w, y−1zw} 3
[xy−1] {xy−1, xy−1z, xy−1w, xy−1zw} 6
Theorem 2.4. Let F be a finite field of characteristic p with |F | = q = pk
and let G = C2 ×A4.
(i) If p = 3, then
U(FG) ∼= C4k3 ⋊ (C
2
3k−1
×GL(3, F )2).
(ii) If p > 3, then
U(FG) ∼=
{
C6
pk−1
×GL(3, F )2, if q ≡ 1 mod 6;
C2
pk−1
× C2
p2k−1
×GL(3, F )2, if q ≡ −1 mod 6.
Proof. Let G = 〈x, y, z, w | x2 = y3 = z2 = w2 = 1, xyx = y, xz = zx, xw =
wx, zw = wz,wy = ywz, zy = yw〉.
(i) Let p = 3. Clearly, T̂3 = 1+ (y + y
−1)(1 + z)(1 +w). Let α = a0 +
a1z+a2w+a3zw+a4x+a5xz+a6xw+a7xzw+a8y+a9yz+a10yw+
a11yzw+a12y
−1+a13y
−1z+a14y
−1w+a15y
−1zw+a16xy+a17xyz+
a18xyw+ a19xyzw+ a20xy
−1+ a21xy
−1z+ a22xy
−1w+ a23xy
−1zw.
If αT̂3 = 0, then for j = 0, 1, 2, 3, we have
aj +
3∑
i=0
(a8+i + a12+i) = 0; a12+j +
3∑
i=0
(ai + a8+i) = 0;
a4+j +
3∑
i=0
(a16+i + a20+i) = 0; a16+j +
3∑
i=0
(a4+i + a20+i) = 0;
a8+j +
3∑
i=0
(ai + a12+i) = 0; a20+j +
3∑
i=0
(a4+i + a16+i) = 0.
After solving these equations, we get a4i = ak+4i for k = 1, 2, 3
and i = 0, 1, 2, 3, 4, 5. Also a0+a8+a12 = 0 and a4+a16+a20 = 0.
Hence Ann(T̂3) = {((b0 + b1x)(1 − y
−1) + (b2 + b3x)(y − y
−1))(1 +
z + w + zw) | bi ∈ F}.
Since x and (1 + z)(1 + w) ∈ Z(FG), Ann(T̂3)
3 = 0. Thus
Ann(T̂3) ⊆ J(FG). By [12, Lemma 2.2], J(FG) = Ann(T̂3) and
dimF (J(FG)) = 4. Hence V ∼= C
4k
3 .
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As [1], [x], [z] and [xz] are the 3-regular conjugacy classes, so
m = 2. Thus q ≡ 1 mod 2 and SF (γg) = {γg} for g = 1,
x, z, xz. Therefore by [1, Theorem 1.3], this yield four com-
ponents in the Wedderburn decomposition of FG/J(FG). Since
dimF (FG/J(FG)) = 20, we have
FG/J(FG) ∼= F 2 ⊕M(3, F )2.
Hence
U(FG) ∼= C4k3 ⋊ (C
2
3k−1
×GL(3, F )2).
(ii) If p > 3, then m = 6. Since G/G′ ∼= C6, thus by [6, Prop 3.6.11],
(2.1) FG ∼= FC6 ⊕
(
⊕li=1 M(ni, Fi)
)
.
Since dimF (Z(FG)) = 8, l ≤ 2.
If q ≡ 1 mod 6, then |SF (γg)| = 1 for all g ∈ G. Therefore by
Eq. (2.1), [9, Theorem 4.1], Lemmas 1.1 and 1.2,
FG ∼= F 6 ⊕
(
⊕2i=1 M(ni, F )
)
.
Now
∑2
i=1 n
2
i = 18 gives ni = 2 for i = 1, 2. Hence,
FG ∼= F 6 ⊕M(3, F )2.
If q ≡ −1 mod 6, then |SF (γg)| = 1 for g = 1, x, z, xz. So r = 4,
s = 2 and
FG ∼= F 2 ⊕ F 22 ⊕M(3, F )
2.

All the remaining groups of order 24 contain a normal subgroup of order
3. In view of [7], for such groups we need to consider only the semisimple
case p > 3.
Table 2. Conjugacy classes in C3 ⋊ C8
Representative Elements in the class Order of element
[1] {1} 1
[x] {x, x−1} 3
[y] {y, xy, x−1y} 8
[y2] {y2} 4
[y3] {y3, xy3, x−1y3} 8
[y4] {y4} 2
[y−1] {y−1, xy−1, x−1y−1} 8
[y−2] {y−2} 4
[y−3] {y−3, xy−3, x−1y−3} 8
[xy2] {xy2, x−1y2} 4
[xy−2] {xy−2, x−1y−2} 4
[xy4] {xy4, x−1y4} 2
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Theorem 2.5. Let F be a finite field of characteristic p with |F | = q = pk
and let G = C3 ⋊ C8. If p > 3, then
U(FG) ∼=

C8
pk−1
×GL(2, F )4, if q ≡ 1,−7 mod 24;
C2
pk−1
× C3
p2k−1
×GL(2, F )2 ×GL(2, F2), if q ≡ −1,−5, 7, 11 mod 24;
C4
pk−1
× C2
p2k−1
×GL(2, F )4, if q ≡ 5,−11 mod 24.
Proof. Let G = 〈x, y | x3 = y8 = 1, yxy−1 = x−1〉.
FG is semisimple, so all the conjugacy classes of G are p-regular and
m = 24. Since G/G′ ∼= C8, thus by [6, Prop 3.6.11],
(2.2) FG ∼= FC8 ⊕
(
⊕li=1 M(ni, Fi)
)
where each Fi is a finite extension of F . Since dimF (Z(FG)) = 12, l ≤ 4.
If q ≡ 1, −7 mod 24, then |SF (γg)| = 1 for all g ∈ G. Therefore by Eq.
(2.2), [9, Theorem 3.3], Lemmas 1.1 and 1.2,
FG ∼= F 8 ⊕
(
⊕4i=1 M(ni, F )
)
.
Now dimF (FG) = 24, gives ni = 2 for i = 1, 2, 3, 4. Hence,
FG ∼= F 8 ⊕M(2, F )4.
If q ≡ 5, −11 mod 24, then |SF (γg)| = 1 for g = 1, x, y
±2, y4, xy±2, xy4.
So r = 8, s = 2 and
FG ∼= F 4 ⊕ F 22 ⊕M(2, F )
4.
If q ≡ −1, −5, 7, 11 mod 24, then |SF (γg)| = 1 for g = 1, x, y
4, xy4. So
r = s = 4 and
FG ∼= F 2 ⊕ F 32 ⊕M(2, F )
2 ⊕M(2, F2).

Table 3. Conjugacy classes in C3 ⋊Q8
Representative Elements in the class Order of element
[1] {1} 1
[x] {x, x−1} 12
[x2] {x2, x−2} 6
[x3] {x3, x−3} 4
[x4] {x4, x−4} 3
[x5] {x5, x−5} 12
[x6] {x6} 2
[y] {y, x±2y, x±4y, x6y} 4
[xy] {x±1y, x±3y, x±5y} 4
Theorem 2.6. Let F be a finite field of characteristic p with |F | = q = pk
and let G = C3 ⋊Q8. If p > 3, then
U(FG) ∼=
{
C4
pk−1
×GL(2, F )5, if q ≡ ±1 mod 12;
C4
pk−1
×GL(2, F )3 ×GL(2, F2), if q ≡ ±5 mod 12.
GROUP OF UNITS OF FINITE GROUP ALGEBRAS OF GROUPS OF ORDER 24 9
Proof. Let G = 〈x, y | x12 = 1, x6 = y2, yxy−1 = x−1〉.
Since p > 3 and G/G′ ∼= C22 , thus by [6, Prop 3.6.11],
(2.3) FG ∼= FC22 ⊕
(
⊕li=1 M(ni, Fi)
)
.
Since dimF (Z(FG)) = 9, l ≤ 5.
If q ≡ ±1 mod 12, then |SF (γg)| = 1 for all g ∈ G. Therefore by Eq.
(2.3), [9, Theorem 3.2], Lemmas 1.1 and 1.2,
FG ∼= F 4 ⊕
(
⊕5i=1 M(ni, F )
)
.
Now dimF (FG) = 24 gives ni = 2 for i = 1, 2, 3, 4, 5. Hence,
FG ∼= F 4 ⊕M(2, F )5.
If q ≡ ±5 mod 12, then |SF (γg)| = 1 for g = 1, x
2, x3, x4, x6, y, xy. So
r = 7, s = 1 and
FG ∼= F 4 ⊕M(2, F )3 ⊕M(2, F2).

Table 4. Conjugacy classes in C4 ×D6
Representative Elements in the class Order of element
[1] {1} 1
[x] {x, x−1} 3
[y] {y, xy, x−1y} 2
[z] {z} 4
[z2] {z2} 2
[z−1] {z−1} 4
[xz] {xz, x−1z} 12
[xz2] {xz2, x−1z2} 6
[xz−1] {xz−1, x−1z−1} 12
[yz] {yz, xyz, x−1yz} 4
[yz2] {yz2, xyz2, x−1yz2} 2
[yz−1] {yz−1, xyz−1, x−1yz−1} 4
Theorem 2.7. Let F be a finite field of characteristic p with |F | = q = pk
and let G = C4 ×D6. If p > 3, then
U(FG) ∼=
{
C8
pk−1
×GL(2, F )4, if q ≡ 1, 5 mod 12;
C4
pk−1
× C2
p2k−1
×GL(2, F )2 ×GL(2, F2), if q ≡ −1,−5 mod 12.
Proof. Let G = 〈x, y, z | x3 = y2 = z4 = xyxy = 1, xz = zx, yz = zy〉.
Since G/G′ ∼= (C2 × C4), thus by [6, Prop 3.6.11],
(2.4) FG ∼= F (C2 × C4)⊕
(
⊕li=1 M(ni, Fi)
)
.
Since dimF (Z(FG)) = 12, l ≤ 4.
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If q ≡ 1, 5 mod 12, then |SF (γg)| = 1 for all g ∈ G. Therefore by Eq.
(2.4), [9, Theorem 3.4], Lemmas 1.1 and 1.2,
FG ∼= F 8 ⊕
(
⊕4i=1 M(ni, F )
)
.
Now
∑4
i=1 n
2
i = 16 gives ni = 2 for i = 1, 2, 3, 4. Hence,
FG ∼= F 8 ⊕M(2, F )4.
If q ≡ −1, −5 mod 12, then |SF (γg)| = 1 for g = 1, x, y, z
2, xz2, yz2. So
r = 6, s = 3 and
FG ∼= F 4 ⊕ F 22 ⊕M(2, F )
2 ⊕M(2, F2).

Table 5. Conjugacy classes in C6 ⋊ C4
Representative Elements in the class Order of element
[1] {1} 1
[x] {x, xy2, xy−2} 4
[x2] {x2} 2
[x−1] {x−1, x−1y−2, x−1y2} 4
[y] {y, y−1} 6
[y2] {y2, y−2} 3
[y3] {y3} 2
[xy] {xy, xy−1, xy3} 4
[x2y] {x2y, x2y−1} 6
[x−1y] {x−1y, x−1y−1, x−1y3} 4
[x2y2] {x2y2, x2y−2} 4
[x2y3] {x2y3} 2
Theorem 2.8. Let F be a finite field of characteristic p with |F | = q = pk
and let G = C6 ⋊ C4. If p > 3, then
U(FG) ∼=
{
C8
pk−1
×GL(2, F )4, if q ≡ 1, 5 mod 12;
C4
pk−1
× C2
p2k−1
×GL(2, F )4, if q ≡ −1,−5 mod 12.
Proof. Let G = 〈x, y | x4 = y6 = 1, yxy = x〉.
Since G/G′ ∼= (C2 × C4), thus by [6, Prop 3.6.11],
(2.5) FG ∼= F (C2 × C4)⊕
(
⊕li=1 M(ni, Fi)
)
.
Since dimF (Z(FG)) = 12, l ≤ 4.
If q ≡ 1, 5 mod 12, then |SF (γg)| = 1 for all g ∈ G. Therefore by Eq.
(2.5), [9, Theorem 3.4], Lemmas 1.1 and 1.2,
FG ∼= F 8 ⊕
(
⊕4i=1 M(ni, F )
)
.
Now
∑4
i=1 n
2
i = 16 gives ni = 2 for i = 1, 2, 3, 4. Hence,
FG ∼= F 8 ⊕M(2, F )4.
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If q ≡ −1, −5 mod 12, then |SF (γg)| = 1 for g = 1, x
2, y, y2, y3, x2y,
x2y2, x2y3. So r = 8, s = 2 and
FG ∼= F 4 ⊕ F 22 ⊕M(2, F )
4.

Table 6. Conjugacy classes in C3 ⋊D8
Representative Elements in the class Order of element
[1] {1} 1
[x] {x±1} 3
[y] {y±1, xy±1, x−1y±1} 4
[z] {z, y2z} 2
[y2] {y2} 2
[yz] {y±1z, xy±1z, x−1y±1z} 2
[xz] {xz, x−1y2z} 6
[x−1z] {x−1z, xy2z} 6
[xy2] {x±1y2} 6
Theorem 2.9. Let F be a finite field of characteristic p with |F | = q = pk
and let G = C3 ⋊D8. If p > 3, then
U(FG) ∼=
{
C4
pk−1
×GL(2, F )5, if q ≡ 1, 5 mod 12;
C4
pk−1
×GL(2, F )3 ×GL(2, F2), if q ≡ −1,−5 mod 12.
Proof. Let G = 〈x, y, z | x3 = y4 = z2 = yzyz = 1, xyx = y, xz = zx〉.
Since G/G′ ∼= C22 , thus by [6, Prop 3.6.11],
(2.6) FG ∼= FC22 ⊕
(
⊕li=1 M(ni, Fi)
)
.
Since dimF (Z(FG)) = 9, l ≤ 5.
If q ≡ 1, 5 mod 12, then |SF (γg)| = 1 for all g ∈ G. Therefore by Eq.
(2.6), [9, Theorem 3.2], Lemmas 1.1 and 1.2,
FG ∼= F 4 ⊕
(
⊕5i=1 M(ni, F )
)
.
Now
∑5
i=1 n
2
i = 20 gives ni = 2 for i = 1, 2, 3, 4, 5. Hence,
FG ∼= F 4 ⊕M(2, F )5.
If q ≡ −1, −5 mod 12, then |SF (γg)| = 1 for g = 1, x, y, z, y
2, yz, xy2.
So r = 7, s = 1 and
FG ∼= F 4 ⊕M(2, F )3 ⊕M(2, F2).

Theorem 2.10. Let F be a finite field of characteristic p with |F | = q = pk
and let G = C3 ×D8. If p > 3, then
U(FG) ∼=
{
C12
pk−1
×GL(2, F )3, if q ≡ 1,−5 mod 12;
C4
pk−1
× C4
p2k−1
×GL(2, F ) ×GL(2, F2), if q ≡ −1, 5 mod 12.
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Table 7. Conjugacy classes in C3 ×D8
Representative Elements in the class Order of element
[1] {1} 1
[x] {x} 3
[x−1] {x−1} 3
[y] {y, y−1} 4
[y2] {y2} 2
[z] {z, y2z} 2
[xy] {xy, xy−1} 12
[x−1y] {x−1y, x−1y−1} 12
[xy2] {xy2} 6
[x−1y2] {x−1y2} 6
[xz] {xz, xy2z} 6
[x−1z] {x−1z, x−1y2z} 6
[yz] {yz, y−1z} 2
[xyz] {xyz, xy−1z} 6
[x−1yz] {x−1yz, x−1y−1z} 6
Proof. Let G = 〈x, y | x3 = y4 = z2 = yzyz = 1, xy = yx, xz = zx〉.
Since G/G′ ∼= (C2 × C6), thus by [6, Prop 3.6.11],
(2.7) FG ∼= F (C2 × C6)⊕
(
⊕li=1 M(ni, Fi)
)
.
Since dimF (Z(FG)) = 15, l ≤ 3.
If q ≡ 1, −5 mod 12, then |SF (γg)| = 1 for all g ∈ G. Therefore by Eq.
(2.7), [11, Theorem 3.5], Lemmas 1.1 and 1.2,
FG ∼= F 12 ⊕
(
⊕3i=1 M(ni, F )
)
.
Now
∑3
i=1 n
2
i = 12 gives ni = 2 for i = 1, 2, 3. Hence,
FG ∼= F 12 ⊕M(2, F )3.
If q ≡ −1, 5 mod 12, then |SF (γg)| = 1 for g = 1, y, y
2, z, yz. So
r = s = 5 and
FG ∼= F 4 ⊕ F 42 ⊕M(2, F ) ⊕M(2, F2).

Theorem 2.11. Let F be a finite field of characteristic p with |F | = q = pk
and let G = C3 ×Q8. If p > 3, then
U(FG) ∼=
{
C12
pk−1
×GL(2, F )3, if q ≡ 1,−5 mod 12;
C4
pk−1
× C4
p2k−1
×GL(2, F ) ×GL(2, F2), if q ≡ −1, 5 mod 12.
Proof. Let G = 〈x, y, z | x4 = z3 = 1, x2 = y2, yxy−1 = x−1, xz = zx, yz =
zy〉.
Since G/G′ ∼= (C2 × C6), thus by [6, Prop 3.6.11],
(2.8) FG ∼= F (C2 × C6)⊕
(
⊕li=1 M(ni, Fi)
)
.
Since dimF (Z(FG)) = 15, l ≤ 3.
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Table 8. Conjugacy classes in C3 ×Q8
Representative Elements in the class Order of element
[1] {1} 1
[x] {x, x−1} 4
[x2] {x2} 2
[y] {y, y−1} 4
[xy] {xy, x−1y} 4
[z] {z} 3
[z−1] {z−1} 3
[xz] {xz, x−1z} 12
[x2z] {x2z} 6
[xz−1] {xz−1, x−1z−1} 12
[x2z−1] {x2z−1} 6
[yz] {yz, y−1z} 12
[xyz] {xyz, x−1yz} 12
[xyz−1] {xyz−1, x−1yz−1} 12
[yz−1] {yz−1, y−1z−1} 12
If q ≡ 1, −5 mod 12, then |SF (γg)| = 1 for all g ∈ G. Therefore by Eq.
(2.8), [11, Theorem 3.5], Lemmas 1.1 and 1.2,
FG ∼= F 12 ⊕
(
⊕3i=1 M(ni, F )
)
.
Now
∑3
i=0 n
2
i = 12 gives ni = 2 for i = 1, 2, 3. Hence,
FG ∼= F 12 ⊕M(2, F )3.
If q ≡ −1, 5 mod 12, then |SF (γg)| = 1 for g = 1, x, x
2, y, xy. So
r = s = 5 and
FG ∼= F 4 ⊕ F 42 ⊕M(2, F ) ⊕M(2, F2).

Table 9. Conjugacy classes in D12 × C2
Representative Elements in the class Order of element
[1] {1} 1
[x] {x, x−1} 6
[x2] {x2, x−2} 3
[x3] {x3} 2
[y] {y, x2y, x−2y, } 2
[xy] {xy, x−1y, x3y} 2
[z] {z} 2
[xz] {xz, x−1z} 6
[x2z] {x2z, x−2z} 6
[x3z] {x3z} 2
[yz] {yz, x2yz, x−2yz} 2
[xyz] {xyz, x−1yz, x3yz} 2
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Theorem 2.12. Let F be a finite field of characteristic p with |F | = q = pk
and let G = D12 × C2. If p > 3, then
U(FG) ∼= C8pk−1 ×GL(2, F )
4, if q ≡ ±1 mod 6.
Proof. Let G = 〈x, y | x6 = y2 = z2 = xyxy = 1, xz = zx, yz = zy〉.
Since G/G′ ∼= C32 , thus by [6, Prop 3.6.11],
(2.9) FG ∼= FC32 ⊕
(
⊕li=1 M(ni, Fi)
)
Since dimF (Z(FG)) = 12, l ≤ 4.
If q ≡ ±1 mod 6, then |SF (γg)| = 1 for all g ∈ G. Therefore by Eq. (2.9),
[9, Theorem 3.5], Lemmas 1.1 and 1.2,
FG ∼= F 8 ⊕
(
⊕4i=1 M(ni, F )
)
.
Now
∑4
i=1 n
2
i = 16 gives ni = 2 for i = 1, 2, 3, 4. Hence,
FG ∼= F 8 ⊕M(2, F )4.

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